Mathematics for engineers

A bridge course from school to university

Christian P. Jah
January 10, 2017

Contents

1 Mathematical notation
1.1 Sets . . .. e
1.1.1 Operationsonsets . . .. ... .. ... ...
1.2 Sums and products . . . .. ...

2 Some simple formulas
3 Arithmetic of algebraic expressions

4 Functions
4.1 Definitions . . . . . .
4.2 Operations on functions. . . . . . ... ...
4.3 What is the inverse of a function? . . . . . . . . ... ... ... ... ... .
4.4 How to compute the inverse? . . . . . . .. ... ...

5 Calculus for one variable

6 Matrices and linear systems of equations
6.1 Determinants . . . . . . . . .
6.1.1 Minors and cofactors . . . . . . . . ...
6.2 Cofactors and inverses . . . . . . . . ... ...

7 The Gauss—algorithm and inverses
7.1 Computing inverses with the Gauss—algorithm . . . . . ... ... ... .. ...
7.2 Systems with parameters . . . . . ... Lo
7.2.1 Firstexample . . . . . .. ...
7.2.2 Second example . . . . . ...
723 Thirdexample . . . . . . . ..



1 Mathematical notation

1.1 Sets

Sets are collections of elements described by some property P. The standard notation for sets
is
A={x: xhas property P},

where one reads: A consists of all x such that x has property P. Some sets as the real numbers
or the whole numbers have special symbols. See Table 1.

Symbol | Description

R real numbers

Z whole numbers

N natural numbers

Ny natural numbers containing 0
Q rational numbers

C complex numbers

Table 1: Notation of certain sets.

The most important sets of this lecture are sub-sets of the real numbers, called intervals. An
interval is a set of numbers characterized by their left and right "boundary". For example

[a, b ={xeR: a<x<b}

which we read as the closed interval a,b. Closed means that it containes @ and b. An open
interval does not contain the boundary points, i.e.

(a,b)={xeR: a<x<b}.
One cal also consider the half-open cases
[a,b)={xeR: a<x<b}

and
(a,bl={xeR: a<x<b}

We also denote R = (—o0,+00). All numbers smaller than a would be denoted by (—oo, a),
all numbers smaller or equal to a by (—oo,a]. Similarly, one defines the sets of all numbers
larger that or larger or equal to a given number. If we have the situation that we describe x
as having either the property x=a or x < —a for a given a =0, then we can write

{xeR: x=a or x<a}

which is the same as
X € (—oo,—aluUla,+00).

Exercise 1.1. Write down examples. Do you understand the notation?

1.1.1 Operations on sets



Definition 1.1 (Intersection/Union/Difference). We denote by An B the intersection of
A and B which means that AN B contains elements that are in A as well as in B. By
AU B, we denote the union of the two sets A and B which means that AU B contains
elements that are either in A or in B. With A\ B, we denote finally the difference of A
and B that means that A\ B contains all elements in A that are not in B.

Remark 1.1. Of course the intersection and union is not limited to a finite number. If one
has a family of sets {A;:i € I} indexed by a countable or uncountable set I one can consider
the sets N;e; Ai and U;er A;. For Example:

11
R=Ul-nn, 0=) [—5,;].

nelN nelN

1.2 Sums and products

To shorten expressions as
1+2+3+4+---+n, (1.1)

we introduce the Y -notation. We rewrite (1.1) as

n

1+2+-+n=) k.
k=1

In general, we have expressions as
n
Z Ay = Agy + Ajg+1 + -+ iy +n-
k=ko

We read the expression as: Sum over ay (a sub k) from k= ko to n.
The notation allows us to express long formulas in a compact form. For instance,

(a+b)"= (O)a"+ (l)a”‘1b+---+ (n_(n_l))ab"‘1+ (n)bn
n n n n

can be expressed as

(a+b)” — Z (k)an—kbk.
k=0 \"

The symbol (¥) (read n choose k) is defined by

k —L where m!=mm-1)(m-2)...2-1
n| kln-k)V o T

The number (I,;) is called a binomial coefficient.
Exercise 1.2. Convince yourself, that the formula (shift of the summation index)
n n—1
Y ak= ), Gk
k=ko k=ko—1

is true. (consider examples)


https://en.wikipedia.org/wiki/Binomial_coefficient

To write products, we introduce the [[-notation. Similar to the Y} -notation, we can rewrite

as

2 Some simple formulas

Consider an arithmetic progression ay € R, a,+1 = a, +d for n € Ny, where d € R. By
definition, two successive ay of the arithmetic progression have the constant difference d, i.e.
ayx— ayx—1 =d for all ke N. This also gives the formula

ay,=ap+n-1)d, n=1.
Examples for arithmetic progressions are

1,2,3,4,5,... d=1,ap=1,
1,3,5,7,9,... d=2,a9=1,and
5,10,15,20,25,... d=5,a9=>5.

Let us figure out a sum formula for arithmetic progressions. To get an idea that might
generalise to the general case, let us first consider the sum of the first n numbers. A trick,
that is often attributed to young GauB. We list the numbers once from 1 to n and once from

nto l:
1 2 3 4 ... n

n n-1 n-2 n-3 ... 1

Then one realises that the sum of the two numbers per column is constant n+1. Since we
have n times n+ 1 which we have to divide by 2 then. Thus, it is clear that

142+3+4+--

n n(n+ 1)
= Z (2.1)

Does this idea apply to other arithmetic progressions? Let us consider

1 3 5 7 ... 2n—-1
2n—-1 2n-3 2n-5 2n-7 ... 1

and the columnwise sum is 2n. Again, we overcount by a factor of 2, and thus get
n
1+3+45+--+2n-1=) (2k-1)=n"
k=1
With the same method, we can prove

nRag+ (n-1)d)
> .

Y ar=) (ap+(k-1d) =
k=1 k=1

Exercise 2.1. Verify that (2.2) gives (2.1) for ag=1 and d = 1.



3 Arithmetic of algebraic expressions

In this section, we will learn how to deal with expressions like

ax’+xy?*-5by ab*+a a®-b> abc+ (abc)®-17
x-8 o x2-y2"  a-b’ 15x+8x%+6

We will investigate how to simplify them, add and subtract, and multiply and divide them.
We will assume that the variables assume real numbers. Most of the considerations carry over
to complex numbers.

Addition of simple algebraic expressions. Consider the two simple algebraic expressions
ax®+5x and 2x3+5x% —12. Considering

(ax®+5x) + 2x3 +5x°> —12),

one has to consider the coefficients of

4 Functions

4.1 Definitions

Definition 4.1 (Functions). A functions is a mathematical relationship consisting of a
rule linking elements from two sets such that each element from the first set (the domain)
links to one and only one element from the second set (the image set or range).

Remark 4.1. The vertical line test allows to decide whether a graph represents a function:
the graph represents a function if any line drawn parallel to the y-axis cuts the graph in only
one point.

Remark 4.2. The range or image of a function is, by the definition above, the collection of all
values f(x) when x ranges through the domain of f. In a graph, where you draw (x,y = f(x))
in a xy-grid, the domain is the collection of all the x values and the range is the collection of
all the y values.

Examples of typical functions are

Functions can be classified by different means. We will use the following properties

Definition 4.2 (Properties of Functions).
Let f be a real-valued function.

= f is called strictly monotonically increasing if f(x) > f(y) for all x>y and strictly
monotonically decreasing if f(x) < f(y) for all x> y. Example: The function f(x) =
e* is strictly increasing and f(x) = e " is strictly decreasing.

= [ is called even if f(x)= f(—x) and odd if f(—x) =—f(x). Example: The function
f(x) =sin(x) is odd and f(x) = cos(x) is even.

= [ is called continuous if you can draw it without taking the pen from the paper. In



flx) = Domain/image Special properties HELM

ref.

er Domain: R, image: Rxo Strictly increasing, convex HELM 6
In(x) Domain R, image: R Strictly increasing, concave | HELM 6
f arx® | Domain: R, image: R if n | Properties depend on the | HELM 3
k=0 is odd. degree. Work out examples!

sin(x) Domain: R, image: [—1,1] | Periodic with period 27. HELM 4
cos(x) Domain: R, image: [—1,1] | Periodic with period 2. HELM 4
tan(x) Domain: Ukez (-5 +kn, 5+ | Periodic with period 7. HELM 4

k), image: [-1,1]

Table 2: Some typical functions.

particular, continuous functions can not have jumps as in the function
1, x<0

f(x):{s,x>o

4.2 Operations on functions

We can add, subtract, multiply, and divide functions by point-wise definition, i.e.

f+gx) = fx)+gk),

fgx) = f(xgx), and

i(x) = m, where  g(x) #0.
g g(x)

Another important operation is the composition: let f: A— B and g: B — C be functions.
Then, go f(x) = g(f(x)) is a function from A to C. Unless C is contained in A, the function
fogis not defined.

Example 4.1. Let f(x) = e* and g(x) = x>+ 1. Both functions are defined on R. We can
consider

fogx)=flgx)=e"),
gof(x)=g(f(x)=e**+1.

That also shows that, in general, fo g is not equal to go f should both be definable.

4.3 What is the inverse of a function?

Definition 4.3 (One-one function). A function f is called one-one if every element of the
domain is linked to a unique element of the image, i.e. f(x)= f(y) implies x =y.

Remark 4.3. The horizontal line test allows to decide whether a graph represents a one-one
function. If a line drawn parallel to the x-axis cuts the graph only once, the represented
function is one-one.


https://goo.gl/1QGKft
https://goo.gl/LVtcYp
https://goo.gl/t3UI2K
https://goo.gl/RtA2vk
https://goo.gl/RtA2vk
https://goo.gl/RtA2vk

Definition 4.4 (Inverse function). Let f be a one-one function. Then, there exists a
function g, called the inverse function to f, such that g(f(x)) = f(g(x)) = x. We denote
the function g by f~! (not to be confused with 1/f).

Function f Inverse function f! HELM
ref.
e*:R — R In(x):Rsg — R HELM 3
sin(x): [-3,%] = [-1,1] arcsin(x) : [-1,1] = [~ 3, %] HELM 4
cos(x):[0,7] — [-1,1] arccos(x): [-1,1] — [0, 7] HELM 4
tan(x) : [ - %,%]| = (—oo, +00) arctan(x) : (—oo,+o00) = [-5,7] | HELM 4

Table 3: Some typical functions with inverses.

4.4 How to compute the inverse?

Let us explain the computation of an inverse of a function by an example. Let f be given by
f(x)=3x+15.

First, one needs to make sure that the functions is one-one. The horizontal line test allows us
to conclude, that f is one-one on its domain. We interchange x and y and solve the resulting
equation for y:

y=fx)=3x+15 = x=3y+15

which leads to X
y=flx)= 3” 15.

What if the horizontal line test fails, e.g. for sin(x)? It may still be possible to invert the
function on a subset of the domain. The strategy is to look for monotonicity intervals, i.e.
parts of the domain in which the function is either strictly monotonically increasing or strictly
monotonically decreasing.

5 Calculus for functions of one variable

The derivative af a sufficiently smooth (i.e. differentiable function) at a point xg of its domain
is defined by

f(xo+h)— f(xo)
Y )

This is called the differential quotient. This is not to be confused with the difference quotient
which is, for xo < x; in the domain fo f, usually defined as

Ay _ flx) = f(xo)
Ax  x1—-x9

! — ].
f(x0) hli%

where y = f(x).


https://goo.gl/LVtcYp
https://goo.gl/RtA2vk
https://goo.gl/RtA2vk
https://goo.gl/RtA2vk

6 Matrices and linear systems of equations

A m x n matrix A is a rectangular array of numbers with m rows and n columns. We denote
it by
a;lr ... dip
A=
aml e amn

The a;; in the matrix are called elements. The index i in a;j says that a;; sits in row i and
the j says that it sits in column j. For square matrices, i.e. m = n, we denote the elements
a;; the diagonal elements and a matrix where only the a;; are not all zero (or where a;; =0
whenever i # j) a diagonal matrix, e.g.

1 0O
[:3 2] and 0 20
0 0 3

A special diagonal matrix is the identity matrix E,, = I,, = I. This matrix has only zeros off
the diagonal and 1 on the diagonal, i.e.

1 00
010
0 01

in the case n =3. We also introduce the transpose AT of a matrix A, which is the matrix
where a;; is replaced by aj;, i.g.

1 2 3 1 3 1
A=1(3 2 1|, AT=|2 2 2
1 2 3 313

Should we have that AT = A, say that A is symmetric. Finally, if all elements bellow the
diagonal are equal to 0, we call a matrix upper triangular and if all elements above the
diagonal ore equal to 0, we call a matrix lower triangular.

Question 6.1. Find examples for symmetric, upper triangular, and lower triangular matrices.
Now, we can define arithmetic operations on matrices:

» Let ceR. Then, cA is the matrix where all a;; are multiplied by c.

» Let A and B be m x n matrices. Then we define the sum of A and B by

anr ... Qip b1 ... bln a1 +bn ... a1n+b1n
A+B=| : I =] '
aml .- Qmn bmi ... bmn a1 +bm ... Amntbmn

For addition, we have that A+ B = B+ A (commutativity) as well as (A+ B) +C =
A+ (B+C) (associativity).


https://goo.gl/fgmQfK
https://en.wikipedia.org/wiki/Symmetric_matrix
https://en.wikipedia.org/wiki/Triangular_matrix
https://en.wikipedia.org/wiki/Commutative_property
https://en.wikipedia.org/wiki/Associative_property

= Combining the two points above, A— B is defined by A+ (—B).

» We can multiply matrices as well. The two matrices do not need to have the same
dimensions. However, for A-B to make sense, the number of columns of A bust equal
the number of rows of B. Thus, we can multiply a m x n matrix A by a n x k matrix B.
For B- A to make sense, we additionally need m = k.

To define it, we first define the following multiplication:

by

b
a-b=|a ay ... ay _2 =aiby +ayby +---+ a,by,.

by
With that, we can define the product of two matrices by
- @ - | a-by ... ai-bg
by ... bi|= : : : )
- am - | b | am'bl e am'bk
where the a; in the first factor represent the ith row and the b; in the second factor

represent the ith column. Assuming that A, B, and C have the right proportions such
that the expressions make sense, we have the following rules:

AB+C)=AB+ AC
(B+C)A=BA+CA
In general, we have AB # BA.

If AB =0, we can not conclude that either A or B has to be zero, e.g.
1 0][o o]
0 o||1 O]

Question 6.2. Find examples of non-zero A and B such that AB =0. Find examples of A
and B such that AB and BA make sens but AB # BA.

00

0 0

6.1 Determinants

Determinants are an important function which associate to every square matrix a real number.
If the determinant of A, which we denote by det(A) or |A], is not equal to 0, then the matrix
A is invertible, in other words, there exists a matrix A~! such that

AAT ' =AT1A=E,.

We will be concerned with 2 x2 and 3 x 3 matrices. In the lecture, we discussed how to get
the following formulas:

a b
c d '—ad—bc (6.1)


https://en.wikipedia.org/wiki/Dot_product
https://goo.gl/yUJHcn
https://goo.gl/Wack8t

and

! (6.2)

N.&h (@)
Il

'df d e
-b .
g i g h

aei+bfg+cdh— fha—bdi-ceg

e
h

o A Q
S

Question 6.3. Write down all the other possibilities’ to compute the determinant the above
3 x 3 matrix. Don't forget the chess-board rule. Just write down some 3 x 3 matrices and
compute their determinant.

Question 6.4. As you can easily convince yourself, the determinant of a diagonal matrix is just
the product of the diagonal elements. Convince yourselves by example, that the determinant
of a triangular matrix is also given by the product of the diagonal elements.

For 3 x 3 determinants, there is another way to compute them. This is the so-called Rule of
Sarrus:

Ol12

\\\
\\\

Figure 1: Sarrus Rule: The determinant of the three columns on the left is the sum of the
products along the solid diagonals minus the sum of the products along the dashed
diagonals.

@3

Important facts to remember:

» If det(A) =0, the matrix a is not invertible. That means that the system Ax = b may
have no or infinitely many solutions.

= If det(A) #0, the matrix is invertible, i.e. there exists a matrix A~ such that
AAT =AT1A=E,.

That also implies that the system Ax = b has exactly one solution and it is given by
x=A"1b.

» The determinant can effectively be computed with the Gauss—algorithm: the following
rules must be observed:

— Switching two rows multiplies the determinant by —1.

IThis is called Laplace Expansion.


https://en.wikipedia.org/wiki/Rule_of_Sarrus
https://en.wikipedia.org/wiki/Rule_of_Sarrus
https://en.wikipedia.org/wiki/Gaussian_elimination#Computing_determinants
https://en.wikipedia.org/wiki/Laplace_expansion

— Multiplying any row by a non-zero real number multiplies the determinant by the
same number.

— Adding a multiple of any row to any other row does not change the determinant.
Let us compute the determinant of a matrix using the GauB-algorithm: consider

1 0 -1
B=|2 2 1
0 -3 2
First, we subtract two times the first line from the second. That does not change the deter-
minant. We obtain
1 0 -1
0o 2 3
0 -3 2
Now, we add three times the second row to two times the third. Thus, the new matrix has
determinant 2-det(B). We obtain
-1
3

1
0
0 13

S N O

since this matrix is a triangular matrix, its determinant is given by the product of the diagonal
elements 2-13 =26. Thus, we have

2-det(B) =26 <« det(B)=13.

6.1.1 Minors and cofactors

Given a matrix
ailr ... ain

aml cee amn

Let M;; be the determinant of the matrix that remains if one deletes the ith row and jth
column from A. This is called the (i,j)-minor2 of A. The number A;; = (—l)f”Mij is called
the cofactor of a;; or (i, j)-cofactor.

Question 6.5. Can you convince yourselves that the sum of the right hand side of (6.2) is a
sum of minors/cofactors? Same question for (6.1).

6.2 Cofactors and inverses

One can compute the inverse of a matrix A with the help of the cofactors®. This works as
follows

2See also here. (Wikipedia)

3This is a quite ineffective method since it requires the computation of many determinants. If one uses the
elementary method to compute determinants, the workload is enormous (around n! operations) and too
much even for the fastest computers to handle.

10


https://en.wikipedia.org/wiki/Minor_(linear_algebra)

1. Compute the cofactor matrix* cof(A) as

All e A]n
cof(4) =] : a
Aml cee Amn

where the A;; are the cofactors of a;;.
2. Write down cof(A)T and compute the determinant det(A).

3. Write down the inverse of A as

1
Al = ot @) cof(A)T.

Remark 6.1. You also may have a look at the leaflet of the mathcentre.

Let us do an example. We compute the inverse of

1 0 -1
B=(2 2 1
0 -3 2
We get the cofactors
3 1 0 -1
1+ _(_1y2+]
By =(-1) _3 o | » Ba=(D _3 ‘
0 -1 2 1
o 1\3+1 _(_1yl+2
B3 =(-1) 9 1 , Brz=(-1) 0 2‘
1 -1 1 -1
1242 _(_1)3+2
By =(-1) 0 2 , Bsa=(-1) 9 1 ‘
2 2 1 0
— (_ 1+3 —(— 2+3
Bis=(-1) o -3 | » Bs=(D 0 _3‘
0
(11343
B33 =(-1) 9 9 '
As you will convince yourselves easily, we obtain
7 -4 —6
cof(A)=13 2 3
2 -3 2
With det(B) = 13, we obtain
7 3 2
41
B :E -4 2 —3
-6 3 2

4In HELM 7.4 you can find this algorithm too, However, there they compute the adjoint which is the
transpose of the cofactor matrix. The name adjoint is somewhat misleading as that is usually AT. The
matrix computed there should be called classical adjoint or adjunct.

11


http://www.mathcentre.ac.uk/resources/uploaded/sigma-matrices11-2009-1.pdf

7 The Gauss—algorithm and inverses

Given systems of linear equations, the Gauss—algorithm® is a way to get to a solution by
reducing the system to triangular form which then allows to solve the system recursively. The
operations one can use to reduce the matrix to triangular form are:

1. Swap the positions of two rows.
2. Multiply a row by a non-zero scalar.
3. Add to one row a scalar multiple of another.

Let us perform a simple example. Consider

|
w

X1 + 2x
3 x1 + 2x»

Il
(&}

To solve the system, we work with the augmented coefficient matrix to reduce the necessary
writing: the augmented coefficient matrix is

1 23
3 2|5°
To solve the system, we subtract three times the first row from the second and obtain

1 2|3
-4 -4"

The last equation —4x, = —4 gives x, = 1. Substituting this in the first equation, we get
x1+2-1=3 o x;=1.
Let us now discuss possible cases that may occur solving linear systems. Consider

X1 + 2x = 3
3 x1 + ax 5°

Again, we subtract three times the first row from the second and obtain

1 2 3
a—6| -4
Now, the last equation reads as
(a—6)x, = —4.
Dividing by a—6, we obtain
4
Xp=———
2 a—=6

and, plugging that into the first equation, we obtain

4
x1+2-(——6):3 & x1=3+

8 3a-10
a-6 a-6

5See also here. (Wikipedia)

12


https://en.wikipedia.org/wiki/Gaussian_elimination

When are we allowed to do all that? Since we where dividing by a—6, we need that this
number is not equal to zero. Thus, we have a unique solution of a—6#0, i.e. a#6. If a=6,
we get

0')62 =—4

which has no solutions.
Let us now modify the question a little bit further. Consider

X1 + 2x = 3
3 x3 + ax, = b’

Again subtracting three times the first row from the second, we obtain

Now, we have three cases to consider since the last line reads as
(a—6)xp=b-9.
If a—6#0 (i.e. a#86), we can divide by a—6 and obtain

b-9 2(b-9)
= , e x1:3——.
a—=6 a—=6

X2

Thus, in this case we have exactly one solution. If @ =6, we have the equation
0')62 =b-9.

It has infinitely many solutions if b =9 and no solution if b#9. Putting everything together,
we obtain

= Infinitely many solutions: a=6, b=29.
= No solutions: a=6, b#9.
» Exactly one solution: a #6.

More examples for systems with three unknowns can be found in Section 7.2.

7.1 Computing inverses with the Gauss—algorithm

To compute an inverse, the algorithm®’ works as follows
1. Write down A|E.

2. Use the Gauss—algorithm® to produce the identity matrix on the left hand side. The
allowed operations in the Gauss—algorithm? are:

6See also here. (Wikipedia)

"You can also find that in HELM 7.3.3.

8See also HELM 8.3.

9To be more precise, this version is usually called Gauss—Jordan algorithm.

13


https://en.wikipedia.org/wiki/Gaussian_elimination#Finding_the_inverse_of_a_matrix
https://learn.lboro.ac.uk/archive/olmp/olmp_resources/pages/workbooks_1_50_jan2008/Workbook7/7_4_inverse_of_matrix.pdf
https://learn.lboro.ac.uk/archive/olmp/olmp_resources/pages/workbooks_1_50_jan2008/Workbook8/8_3_gauss_elimination.pdf

— Swap the positions of two rows.
— Multiply a row by a non-zero scalar.

— Add to one row a scalar multiple of another.

Remark 7.1. A fact to remember is that a system can never have a unique solution if the
coefficient matrix has two identical rows or columns. You should check by example, that the
determinant of the coefficient matrix is equal to zero in that case. Also, if the Gauss—algorithm
arrives at a zero line in the augmented system, one variable can be chosen freely, say s € R.

Remark 7.2. There are several explanations and examples concerning the GauBalgorithm on
youtube that might be helpful for you: patrickIMT 1, patrickJMT 2, MIT OpenCourseWare.
Here, two showing the computation of an inverse with the GauB—algorithm: patrickJMT 1 3,
MIT OpenCourseWare.

As an example, let us compute the inverse of
1 0 -1
B=|2 2 1
0 -3 2

First, let us compute the determinant to see that B has an inverse:

2 1

0
2 -3 2

1
2
0

+(—1)-‘ i ‘:13,
-3 2

where we chose the first row to develop the determinant. Now we use the Gauss-algorithm to
compute the inverse of the matrix B10:

1 0 -1 1 0 0
2 2 1 0 1 0
0 -3 2 0 0 1
1 0 -1 1 0 0
0 2 3|-2 1 0 |=R-2R
0 -3 2 0 0 1
1 0 -1 1 0 0
0o 2 31 -2 1 0
0O 0 13| -6 3 2 =2R3+ 3R,
13 13 13
0O 0 13| -6 3 2 =2R3+ 3R,
From that, we obtain
7 3 2
4 1
B "=—1-4 2 -3
1316 3 2

10T he algorithm that we introduced is solving three systems simultaneously: Bx =e;, Bx = e,, and Bx = es.
The inverse is the matrix with the three resulting vectors as columns.

14


https://www.youtube.com/watch?v=CsTOUbeMPUo
https://www.youtube.com/watch?v=Ey62H_oaqoE
https://www.youtube.com/watch?v=xCIXkm3-ocQ
https://www.youtube.com/watch?v=rnyLW2-lL7o
https://www.youtube.com/watch?v=CBi8SyXRn1Q

7.2 Systems with parameters

This section is a continuation of the considerations at the very beginning of this section. Here,
we consider systems with parameters and three variables. To start, you may set the parameters
to some numbers, do the calculations and only then read further in the solution presented here.
Also note that there is usually more than one way to arrive at the correct conclusion. You can
only become good in solving systems of this type if you practice enough.

7.2.1 First example

Consider the system Ax = b given by

3xp + 6x3 =9
X1 + 4x, + 7x3 =8.
2x1 + 5x + axs =P

Let us sole the system and find conditions on a and B such that the system has (i) no
solutions, (ii) exactly one solution, (iii) infinitely many solutions. First, the Augmented
coefficient matrix is

0 3 6|9
1 4 7,8.
2 5 al|lp
Using the Gauss—algorithm, we obtain
0 3 6 9
4 7 8
2 5 a p
0 3 6 9
1 4 7 8
0 a-14|B-16
0 0 a-8| -7
1 4 7 8
0 -3 a-14|p-16
From that we get the following cases:
= infinitely many solutions for a =8, =7,
» exactly one solution for @ #8, and
= no solution for a =8, B#7.
7.2.2 Second example
Now, consider the system Ax = b given by
X1 - ZJCZ + axs =2
X1 + X0 + X3 =2 .
—2xX1 — 33X, — Xx3 = ﬁ

15



Using the Gauss—algorithm, we compute

1 =2 a 2
11 2
-2 -3 -1 B
0 -3 a-1 0
1 1 1 2
0 1 B+4
0 0 a-4]|-3(6+4)
1 1 2
0 -1 p+4
From that we get the following cases:
= infinitely many solutions for @ =4, = -4,
= exactly one solution for a # 4, and
= no solution for a =4, B # —A4.
7.2.3 Third example
Now, consider the system Ax = b given by
3x1 + 2x» — 4x3 -1
—le - X2 + 3JC3 =1
2x1 + axs3 =
Using the Gauss—algorithm, we compute
3 2 -4 -1
—2 3 1
2 0 a p
.—1 0 2 1
-2 -1 3 1
2 0 a p
-1 0 2 1
-2 -1 3 1
0 0 a+4|p+2

From that we get the following cases:

= infinitely many solutions for a = -4, f=-2

» exactly one solution for a # —4, and

= no solution for a = -4, f#-2.
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